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Abstract
It is shown that, the quasi-Koszulities of algebras and modules are
Morita invariance. A finite-dimensional K-algebra A with an action
of G is quasi-Koszul if and only if so is the skew group algebra A ∗G,
where G is a finite group satisfying charK ∤ |G|. A finite-dimensional
G-graded K-algebra A is quasi-Koszul if and only if so is the smash
product A#G∗, where G is a finite group satisfying charK ∤ |G|. These
results are applied to prove that, if a finite-dimensional connected
quiver algebra is Koszul then so are its Galois covering algebras with
finite Galois group G satisfying charK ∤ |G|. So one can construct
Koszul algebras by finite Galois covering. Moreover, a general con-
struction of Koszul algebras by Galois covering with finite cyclic Ga-
lois group is provided. As examples, many Koszul algebras are con-
structed from exterior algebras and Koszul preprojective algebras by
finite Galois covering with either cyclic or noncyclic Galois group.
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Introduction
Koszul algebras play an important role in commutative algebra, algebraic
geometry, algebraic topology, Lie theory and quantum groups (cf. [29, 4, 20,
6, 8, 33, 7]). It is a quite nice class of algebras because, on one hand, there
exists Koszul duality in the sense of not only algebra (cf. [7, Theorem 2.10.2]
∗Project 10201004 supported by NSFC.
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and [18, Theorem 2.3]) but also module category and derived category (cf.
[18, Theorem 5.2] and [7, Theorem 2.12.6]), on the other hand, for a Koszul
algebra, both the minimal projective resolution of its semisimple part and its
minimal projective bimodule resolution are rather clear (cf. [10] and [16]).
Now many algebras are known to be Koszul, such as path algebras [18, p.
240], radical square zero algebras [23, Corollary], quadratic global dimension
2 algebras [17, Theorem 7.2], finite-dimensional indecomposable radical cube
zero selfinjective algebras of infinite representation type [23, Theorem 1.5]
and many (generalized) preprojective algebras (cf. [15, Section 7] and [23,
Theorem 1.9]). From the known Koszul algebras, there are some ways to
construct new Koszul algebras: the opposite algebra of a Koszul algebra
is Koszul (cf. [7, Proposition 2.2.1] and [18, Corollary 4.3]), the quadratic
duality equivalently the Yoneda algebra of a Koszul algebra is Koszul (cf.
[7, Proposition 2.9.1], [17, Theorem 6.1] and [18, Theorem 2.2]), the tensor
product algebra of two Koszul algebras is Koszul [18, Theorem 3.7], and so
on.
Here we provide another construction of Koszul algebras by finite Galois
covering. This construction is very convenient in practice because one can
construct Koszul algebras and provide their quivers and relations directly
from a known Koszul algebra given by quiver with relations. The paper is
organized as follows: In Section 1, we show that the quasi-Koszulities of al-
gebras and modules are Morita invariance. Section 2 is essentially due to
Mart´inez-Villa (cf. [25]). In this section, we show that a finite-dimensional
K-algebra A with an action of G is quasi-Koszul if and only if so is the
skew group algebra A ∗ G, where G is a finite group satisfying charK ∤ |G|.
Moreover, we prove that the Yoneda algebra Ext∗A∗G((A ∗G)/J(A ∗G), (A ∗
G)/J(A∗G)) of the skew group algebra A∗G is isomorphic to the skew group
algebra Ext∗A(A/J,A/J) ∗G of the Yoneda algebra Ext
∗
A(A/J,A/J). In Sec-
tion 3, we show in two ways that a finite-dimensional G-graded K-algebra
A is quasi-Koszul if and only if so is the smash product A#G∗, where G is
a finite group satisfying charK ∤ |G|. Moreover, we prove that the Yoneda
algebra Ext∗A#G∗((A#G
∗)/J(A#G∗), (A#G∗)/J(A#G∗)) of the smash prod-
uct A#G∗ is isomorphic to the smash product Ext∗A(A/J,A/J)#G
∗ of the
Yoneda algebra Ext∗A(A/J,A/J). In Section 4, we apply the results above to
show that, if a finite-dimensional connected quiver algebra is Koszul then
so are its Galois covering algebras with finite Galois group G satisfying
charK ∤ |G|. Finally, in Section 5, we provide a general construction of
Koszul algebras by Galois covering with finite cyclic Galois group. As exam-
ples, we construct many Koszul algebras from exterior algebras and Koszul
preprojective algebras by finite Galois covering with either cyclic or noncyclic
Galois group.
2
1 Morita invariance of quasi-Koszulity
In this section we show that the quasi-Koszulities of algebras and modules
are Morita invariance. Throughout the paper, the composition of maps is
written from right to left except for those in Yoneda algebras.
1.1 Quasi-Koszulity
Let K be a field. A graded K-algebra A =
∐
i≥0Ai is said to be generated
in degree 0 and 1 if Ai = A
i
1 for all i ≥ 2 (cf. [18]).
In this section, A is assumed to be a fixed noetherian semiperfect K-
algebra (cf. [1, §27]). Denote by J := J(A) the Jacobson radical of A. Let
M,N be two A-modules. Then ExtiA(M,N), i ≥ 1, can be viewed as a K-
vector space of congruence classes of i-extensions whose addition is given by
Baer sum (cf. [21, Chapter III, §5]). It is convenient to write an i-extension in
the form M և E1 ← · · · ← Ei ֋ N . It is well-known that Ext
∗
A(M,M) :=∐
i≥0 Ext
i
A(M,M) is a graded K-algebra with Ext
i
A(M,M) in degree i, for
which the multiplication is given by the Yoneda product (cf. [21, Chapter
III, §5]). The algebra A is called a quasi-Koszul algebra if Ext∗A(A/J,A/J)
is generated in degree 0 and 1 (cf. [17, p. 263]). An A-module M is said to
be quasi-Koszul if ExtiA(M,A/J)Ext
1
A(A/J,A/J) = Ext
i+1
A (M,A/J) for all
i ≥ 0, equivalently, ExtiA(M,A/J)Ext
j
A(A/J,A/J) = Ext
i+j
A (M,A/J) for all
i, j ≥ 0.
A graded K-algebra A =
∐
i≥0Ai is called a graded quiver algebra if it
satisfies: (1): A0 ∼= K
r as K-algebras for some r ≥ 1; (2): dimKAi < ∞
for all i ≥ 0; (3): A is generated in degree 0 and 1 (cf. [24]). Note that a
graded quiver algebra A is isomorphic to a graded quotient of a path algebra
with length grading, namely A ∼= KQ/I where Q is a finite quiver and
I ⊆ (KQ+)2 is a homogeneous ideal of A in the length grading, here KQ+
denotes the ideal of KQ generated by all arrows (cf. [15]). For the theory
of quivers and their representations we refer to [3]. A quasi-Koszul graded
quiver algebra is called a Koszul algebra.
1.2 Decomposition of extension groups
Let ⊕si=1Mi be the direct sum of A-modules M1, ...,Ms. Denote by λi :Mi →
⊕si=1Mi, mi 7→ (0, ..., 0, mi, 0, ..., 0) and ρi : ⊕
s
i=1Mi → Mi, (m1, ..., ms) 7→ mi
the canonical injection and projection respectively. Denote by ∆ : M →
Ms, m 7→ (m, ...,m) and ∇ : Ms → M, (m1, ..., ms) 7→ m1 + · · · + ms the
diagonal map and the sum map respectively. Note that ∆ =
∑s
i=1 λi and
∇ =
∑s
i=1 ρi.
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For r ≥ 0, ExtrA(⊕
s
i=1Mi, N)
∼= ⊕si=1Ext
r
A(Mi, N) as K-vector spaces and
the isomorphism is given by φ : ExtrA(⊕
s
i=1Mi, N)→ ⊕
s
i=1Ext
r
A(Mi, N), [ξ] 7→
(ExtrA(λi, N)([ξ]))i with inverse ψ : ⊕
s
i=1Ext
r
A(Mi, N) → Ext
r
A(⊕
s
i=1Mi, N),
([ξi])i 7→
∑s
i=1Ext
r
A(ρi, N)([ξi]).
Similarly, ExtrA(M,⊕
t
j=1Nj)
∼= ⊕tj=1Ext
r
A(M,Nj) as K-vector spaces and
the isomorphism is given by φ : ExtrA(M,⊕
t
j=1Nj)→ ⊕
t
j=1Ext
r
A(M,Nj), [ξ] 7→
(ExtrA(M, ρj)([ξ]))j with inverse ψ : ⊕
t
j=1Ext
r
A(M,Nj) → Ext
r
A(M,⊕
t
j=1Nj),
([ξj ])j 7→
∑t
i=1 Ext
r
A(M,λj)([ξj]).
More general, ExtrA(⊕
s
i=1Mi,⊕
t
j=1Nj)
∼= ⊕si=1 ⊕
t
j=1 Ext
r
A(Mi, Nj) as K-
vector spaces and the isomorphism is given by φ : ExtrA(⊕
s
i=1Mi,⊕
t
j=1Nj)→
⊕si=1 ⊕
t
j=1 Ext
r
A(Mi, Nj), [ξ] 7→ (Ext
r
A(Mi, ρj)Ext
r
A(λi,⊕
t
j=1Nj)([ξ]))i,j with
inverse ψ : ⊕si=1 ⊕
t
j=1 Ext
r
A(Mi, Nj) → Ext
r
A(⊕
s
i=1Mi,⊕
t
j=1Nj), ([ξij])i,j 7→∑s
i=1
∑t
j=1Ext
r
A(ρi,⊕
t
j=1Nj)Ext
r
A(Mi, λj)([ξij]). In this case, denote by
ErA(Mi, Nj) the image of Ext
r
A(Mi, Nj) under the map ψ. Then
ExtrA(⊕
s
i=1Mi,⊕
t
j=1Nj) =
∐s
i=1
∐t
j=1E
r
A(Mi, Nj).
1.3 Morita invariance of quasi-Koszulity
Firstly, we have the following “expansion lemma”:
Lemma 1 Let M,N,Li be A-modules with 1 ≤ i ≤ z. Then, for r, l ≥ 0, as
the K-subspaces of Extr+lA (M,N),
ExtrA(M,⊕
z
i=1Li)Ext
l
A(⊕
z
i=1Li, N) =
z∑
i=1
ExtrA(M,Li)Ext
l
A(Li, N).
Proof. For [ξ] ∈ ExtrA(M,⊕
z
i=1Li) and [ζ ] ∈ Ext
l
A(⊕
z
i=1Li, N), we have
[ξ]ExtlA(λiρi, N)([ζ ])
= ExtrA(M, ρi)([ξ])Ext
l
A(λi, N)([ζ ])
= ExtrA(M,λiρi)([ξ])[ζ ].
Thus
[ξ][ζ ] = [ξ]ExtlA(
∑z
i=1 λiρi, N)([ζ ])
=
∑z
i=1[ξ]Ext
l
A(λiρi, N)([ζ ])
=
∑z
i=1 Ext
r
A(M, ρi)([ξ])Ext
l
A(λi, N)([ζ ])
∈
∑z
i=1 Ext
r
A(M,Li)Ext
l
A(Li, N).
Conversely, for [ξi] ∈ Ext
r
A(M,Li) and [ζi] ∈ Ext
l
A(Li, N), we have
[ξi][ζi] = [ξi]Ext
l
A(ρiλi, N)([ζi])
= ExtrA(M,λi)([ξi])Ext
l
A(ρi, N)([ζi])
∈ ExtrA(M,⊕
z
i=1Li)Ext
l
A(⊕
z
i=1Li, N).
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✷Secondly, we have the following “cancelation lemma”:
Lemma 2 Let M,N,L1, L2, L3 be A-modules with L2 ∼= L3. Then, for r, l ≥
0, as the K-subspaces of Extr+lA (M,N),
ExtrA(M,⊕
3
i=1Li)Ext
l
A(⊕
3
i=1Li, N) = Ext
r
A(M,⊕
2
i=1Li)Ext
l
A(⊕
2
i=1Li, N).
Proof. Assume that σ : L2 → L3 is an isomorphism of A-modules. For
[ξ3] ∈ Ext
r
A(M,L3) and [ζ3] ∈ Ext
l
A(L3, N), we have
[ξ3][ζ3] = [ξ3]Ext
l
A(σσ
−1, N)([ζ3])
= ExtrA(M,σ
−1)([ξ3])Ext
l
A(σ,N)([ζ3])
∈ ExtrA(M,L2)Ext
l
A(L2, N).
By Lemma 1, we have
ExtrA(M,⊕
3
i=1Li)Ext
l
A(⊕
3
i=1Li, N) =
∑3
i=1 Ext
r
A(M,Li)Ext
l
A(Li, N)
=
∑2
i=1 Ext
r
A(M,Li)Ext
l
A(Li, N)
= ExtrA(M,⊕
2
i=1Li)Ext
l
A(⊕
2
i=1Li, N).
✷
For any K-algebra A, denote by ModA (resp. modA) the category of
(resp. finitely generated) left A-modules. We have the following “extension
group isomorphism lemma”:
Lemma 3 Let F : ModA → ModA′ (resp. F : modA → modA′) be an
equivalence functor. Then F induces K-vector space isomorphisms FMN :
ExtrA(M,N)→ Ext
r
A′(F (M), F (N)) for all M,N in ModA (resp. modA) and
r ≥ 0.
Proof. In case r = 0 the isomorphism is well-known (cf. [1, 21.2. Propo-
sition]). By [1, 16.3. Proposition], F (M1 ⊕M2) is a direct sum F (M1) and
F (M2) with injections F (λ1) and F (λ2). Thus there are A
′-modules maps
φM1M2 : F (M1 ⊕M2) → F (M1) ⊕ F (M2) and ψM1M2 : F (M1) ⊕ F (M2) →
F (M1⊕M2) such that φM1M2ψM1M2 = 1, ψM1M2φM1M2 = 1, φM1M2F (λi) = λi
and F (ρi)ψM1M2 = ρi for i = 1, 2. Hence φMMF (∆) = ∆ and F (∇)ψMM =
∇.
Let fi : Mi → Ni be A-module maps with i = 1, 2. Applying the formulae
above, we can show that φN1N2F (diag{f1, f2})) = diag{F (f1), F (f2)}φM1M2,
since diag{f1, f2} = λ1f1ρ1 + λ2f2ρ2.
The functor F induces a map FMN : Ext
r
A(M,N)→ Ext
r
A′(F (M), F (N)),
[ξ] → [F (ξ)]. For [ξ1], [ξ2] ∈ Ext
r
A(M,N), using the preparations above we
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can show routinely that FMN([ξ1] + [ξ2]) = FMN ([ξ1]) + FMN([ξ2]). So FMN
is a K-linear map.
Let G be an inverse equivalence of F . Then G also induces a K-linear
map GM ′N ′ : Ext
r
A′(M
′, N ′)→ ExtrA(G(M
′), G(N ′)), [ζ ]→ [G(ζ)].
The natural isomorphism η from the functor GF to the identity functor
induces an isomorphism ηMN : Ext
r
A(GF (M), GF (N))→ Ext
r
A(M,N), [ξ] 7→
[η(ξ)], where η(ξ) is obtained from ξ by replacing the monomorphism (resp.
epimorphism) in ξ with the composition of it and the isomorphism η−1N :
N → GF (N) (resp. ηM : GF (M)→ M).
Since ηGF (M)GF (N)GF (M)F (N)FMN = 1, GF (M)F (N)FMN is a bijection. Sim-
ilarly, FGF (M)GF (N)GF (M)F (N) is a bijection. Hence GF (M)F (N) is a bijection.
It follows that FMN is a bijection. ✷
Theorem 1 Let F : ModA → ModA′ or F : modA → modA′ be an equiv-
alence functor. If A is a quasi-Koszul algebra then so is A′. If M is a
quasi-Koszul A-module then F (M) is a quasi-Koszul A′-module.
Proof. By [1, 21.8. Proposition and 27.8. Corollary], A′ is also noethe-
rian and semiperfect. Denote by S1, ..., Ss a complete set of the representa-
tives of simple A-modules. Then S ′1 := F (S1), ..., S
′
s := F (Ss) is a complete
set of the representatives of simple A′-modules (cf. [1, §21 and §27]). Assume
that A/J ∼= ⊕si=1S
ui
i = ⊕
s
i=1 ⊕
ui
k=1 Sik and A
′/J ′ ∼= ⊕sj=1S
′u′j
j = ⊕
s
j=1 ⊕
u′j
l=1 S
′
jl
where J ′ is the Jacobson radical of A′, Sik = Si and S
′
jl = S
′
j for all i, j, k, l.
The algebra A is quasi-Koszul, by definition, Ext∗A(A/J,A/J) is gener-
ated in degree 0 and 1. So is Ext∗A(⊕
s
i=1S
ui
i ,⊕
s
i=1S
ui
i ) = Ext
∗
A(⊕
s
i=1 ⊕
ui
j=1
Sij ,⊕
s
i=1 ⊕
ui
j=1 Sij). Thus
Extr+1A (⊕
s
i=1 ⊕
ui
j=1 Sij,⊕
s
i=1 ⊕
ui
j=1 Sij)
= ExtrA(⊕
s
i=1 ⊕
ui
j=1 Sij,⊕
s
i=1 ⊕
ui
j=1 Sij)Ext
1
A(⊕
s
i=1 ⊕
ui
j=1 Sij,⊕
s
i=1 ⊕
ui
j=1 Sij)
for all r ≥ 1. By Section 1.2, we have
∐s
i=1
∐ui
j=1
∐s
k=1
∐uk
l=1E
r+1
A (Sij, Skl)
=
∑s
i=1
∑ui
j=1
∑s
k=1
∑uk
l=1E
r
A(Sij,⊕
s
p=1 ⊕
up
q=1 Spq)E
1
A(⊕
s
p=1 ⊕
up
q=1 Spq, Skl)
for all r ≥ 1. Note that ErA(Sij,⊕
s
p=1 ⊕
up
q=1 Spq)E
1
A(⊕
s
p=1 ⊕
up
q=1 Spq, Skl) ⊆
Er+1A (Sij, Skl). Thus
Er+1A (Sij , Skl) = E
r
A(Sij ,⊕
s
p=1 ⊕
up
q=1 Spq)E
1
A(⊕
s
p=1 ⊕
up
q=1 Spq, Skl)
for all i, j, k, l, r. It follows
Extr+1A (Sij, Skl) = Ext
r
A(Sij ,⊕
s
p=1 ⊕
up
q=1 Spq)Ext
1
A(⊕
s
p=1 ⊕
up
q=1 Spq, Skl)
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for all i, j, k, l, r. By Lemma 2, we obtain
Extr+1A (Sij , Skl) = Ext
r
A(Sij ,⊕
s
p=1Sp)Ext
1
A(⊕
s
p=1Sp, Skl)
for all i, j, k, l, r. Applying Lemma 3 and Lemma 2, we have
Extr+1A′ (S
′
ij , S
′
kl)
= FSijSkl(Ext
r+1
A (Sij, Skl))
= FSijSkl(Ext
r
A(Sij,⊕
s
p=1Sp)Ext
1
A(⊕
s
p=1Sp, Skl))
= ExtrA′(S
′
ij , F (⊕
s
p=1Sp))Ext
1
A′(F (⊕
s
p=1Sp), S
′
kl))
= ExtrA′(S
′
ij ,⊕
s
p=1S
′
p)Ext
1
A′(⊕
s
p=1S
′
p, S
′
kl)
= ExtrA′(S
′
ij ,⊕
s
p=1 ⊕
u′p
q=1 S
′
pq)Ext
1
A′(⊕
s
p=1 ⊕
u′p
q=1 S
′
pq, S
′
kl)
for all i, j, k, l, r. It follows
Er+1A′ (S
′
ij, S
′
kl) = E
r
A′(S
′
ij ,⊕
s
p=1 ⊕
u′p
q=1 S
′
pq)E
1
A′(⊕
s
p=1 ⊕
u′p
q=1 S
′
pq, S
′
kl)
for all i, j, k, l, r. Thus
∐s
i=1
∐u′i
j=1
∐s
k=1
∐u′k
l=1E
r+1
A′ (S
′
ij, S
′
kl)
=
∑s
i=1
∑u′i
j=1
∑s
k=1
∑u′k
l=1E
r
A′(S
′
ij ,⊕
s
p=1 ⊕
u′p
q=1 S
′
pq)E
1
A′(⊕
s
p=1 ⊕
u′p
q=1 S
′
pq, S
′
kl)
for all r ≥ 1. It follows from Section 1.2 that
Extr+1A′ (⊕
s
i=1 ⊕
u′i
j=1 S
′
ij,⊕
s
i=1 ⊕
u′i
j=1 S
′
ij)
= ExtrA′(⊕
s
i=1 ⊕
u′i
j=1 S
′
ij ,⊕
s
i=1 ⊕
u′i
j=1 S
′
ij)Ext
1
A′(⊕
s
i=1 ⊕
u′i
j=1 S
′
ij,⊕
s
i=1 ⊕
u′i
j=1 S
′
ij)
for all r ≥ 1. So Ext∗A′(⊕
s
i=1S
′u′i
i ,⊕
s
i=1S
′u′i
i ) = Ext
∗
A′(⊕
s
i=1 ⊕
u′i
j=1 S
′
ij,⊕
s
i=1 ⊕
u′i
j=1
S ′ij) is generated in degree 0 and 1. Thus Ext
∗
A′(A
′/J ′, A′/J ′) is generated in
degree 0 and 1, i.e., A′ is quasi-Koszul.
Now suppose M is a quasi-Koszul A-module, we show that F (M) is a
quasi-Koszul A′-module. By definition,
Extr+1A (M,A/J) = Ext
r
A(M,A/J)Ext
1
A(A/J,A/J)
for all r ≥ 0. It follows from Lemma 3 that
Extr+1A′ (F (M), F (A/J)) = Ext
r
A′(F (M), F (A/J))Ext
1
A′(F (A/J), F (A/J))
for all r ≥ 0. Therefore
Extr+1A′ (F (M),⊕
s
i=1 ⊕
ui
j=1 S
′
ij)
= ExtrA′(F (M),⊕
s
i=1 ⊕
ui
j=1 S
′
ij)Ext
1
A′(⊕
s
i=1 ⊕
ui
j=1 S
′
ij,⊕
s
i=1 ⊕
ui
j=1 S
′
ij)
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for all r ≥ 0. By Section 1.2, we have
∐s
i=1
∐ui
j=1E
r+1
A′ (F (M), S
′
ij)
=
∑s
i=1
∑ui
j=1 Ext
r
A′(F (M),⊕
s
p=1 ⊕
up
q=1 S
′
pq)E
1
A′(⊕
s
p=1 ⊕
up
q=1 S
′
pq, S
′
ij)
for all r ≥ 0. Note that ExtrA′(F (M),⊕
s
p=1⊕
up
q=1S
′
pq)E
1
A′(⊕
s
p=1⊕
up
q=1S
′
pq, S
′
ij) ⊆
Er+1A′ (F (M), S
′
ij). Thus
Er+1A′ (F (M), S
′
ij) = Ext
r
A′(F (M),⊕
s
p=1 ⊕
up
q=1 S
′
pq)E
1
A′(⊕
s
p=1 ⊕
up
q=1 S
′
pq, S
′
ij)
for all i, j, r. It follows
Extr+1A′ (F (M), S
′
ij) = Ext
r
A′(F (M),⊕
s
p=1 ⊕
up
q=1 S
′
pq)Ext
1
A′(⊕
s
p=1 ⊕
up
q=1 S
′
pq, S
′
ij)
for all i, j, r. By Lemma 2, we have
Extr+1A′ (F (M), S
′
ij)
= ExtrA′(F (M),⊕
s
p=1S
′
p)Ext
1
A′(⊕
s
p=1S
′
p, S
′
i)
= ExtrA′(F (M),⊕
s
p=1 ⊕
u′p
q=1 S
′
pq)Ext
1
A′(⊕
s
p=1 ⊕
u′p
q=1 S
′
pq, S
′
ij)
for all i, j, r. It follows
Er+1A′ (F (M), S
′
ij) = Ext
r
A′(F (M),⊕
s
p=1 ⊕
u′p
q=1 S
′
pq)E
1
A′(⊕
s
p=1 ⊕
u′p
q=1 S
′
pq, S
′
ij)
for all i, j, r. Thus
∐s
i=1
∐u′i
j=1E
r+1
A′ (F (M), S
′
ij)
=
∑s
i=1
∑u′i
j=1Ext
r
A′(F (M),⊕
s
p=1 ⊕
u′p
q=1 S
′
pq)E
1
A′(⊕
s
p=1 ⊕
u′p
q=1 S
′
pq, S
′
ij)
for all r ≥ 0. By Section 1.2, we obtain
Extr+1A′ (F (M),⊕
s
i=1 ⊕
u′i
j=1 S
′
ij)
= ExtrA′(F (M),⊕
s
i=1 ⊕
u′i
j=1 S
′
ij)Ext
1
A′(⊕
s
i=1 ⊕
u′i
j=1 S
′
ij ,⊕
s
i=1 ⊕
u′i
j=1 S
′
ij)
for all r ≥ 0. Thus
Extr+1A′ (F (M), A
′/J ′) = ExtrA′(F (M), A
′/J ′)Ext1A′(A
′/J ′, A′/J ′)
for all r ≥ 0, i.e., F (M) is a quasi-Koszul A′-module. ✷
Remark 1 Though the quasi-Koszulity of algebras is invariant under Morita
equivalence, it is not so under derived equivalence even tilting equivalence
in general. Indeed, all path algebras are Koszul thus quasi-Koszul. If all
their tilted algebras were quasi-Koszul then, as length graded algebras, all
monomial tilted algebras would be Koszul, thus quadratic [17, Corollary 7.3].
It is a contradiction [31, Appendix]. Nevertheless, since the global dimension
of tilted algebras are less equal to 2 [19, Theorem (5.2)], all quadratic tilted
algebras are Koszul [17, Theorem 7.2].
Corollary 1 A is quasi-Koszul if and only if so is Mn(A).
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2 Skew group algebras and quasi-Koszulity
In this section, we show that, a finite-dimensional K-algebra A with an action
of G is quasi-Koszul if and only if so is the skew group algebra A∗G, where G
is a finite group satisfying charK ∤ |G|. Moreover, we prove that the Yoneda
algebra Ext∗A∗G((A∗G)/J(A∗G), (A∗G)/J(A∗G)) of the skew group algebra
A ∗ G is isomorphic to the skew group algebra Ext∗A(A/J,A/J) ∗ G of the
Yoneda algebra Ext∗A(A/J,A/J). The results of this section are essentially
due to Mart´inez-Villa (cf. [25]).
2.1 Skew group algebras
Let A be a K-algebra and G a group of K-algebra automorphisms of A.
Then the skew group algebra A∗G is defined as follows: As a K-vector space
A ∗ G = A ⊗K KG. For a ∈ A and g ∈ G, write ag instead of a ⊗ g, and
define the multiplication by ga := g(a)g.
Let A be a K-algebra and G a group. Then an action of G on A is a map
G × A → A, (g, a) 7→ ga satisfying (g1g2)a = g1(g2a), 1a = a, g(a1 + a2) =
ga1 + ga2, g(a1a2) = (ga1)(ga2), g(ka) = k(ga), for all g, g1, g2 ∈ G, a, a1,
a2 ∈ A, k ∈ K.
For a K-algebra A, giving a group G of K-automorphisms of A is equiva-
lent to giving an action of a group G on A, or giving a group homomorphism
G→ Autk(A) where Autk(A) denotes the group ofK-algebra automorphisms
of A, or giving a KG-module algebra structure (cf. [11, Proposition 1.2]).
2.2 Quasi-Koszulity of skew group algebras
Let G be a finite group and M a KG-module. Denote by MG the KG-
module {m ∈ M |gm = m for all g ∈ G}. If charK ∤ |G| then the fixed point
functor (−)G : ModKG→ ModKG is exact (cf. [25, Lemma 3]).
Lemma 4 (cf. [25, Lemma 4]) Let A be a K-algebra, G a finite group acting
on A, and M,N,L three A ∗G-modules. Then
(1) HomA(M,N) is a KG-module defined by (gφ)(m) = gφ(g
−1m) for
g ∈ G, φ ∈ HomA(M,N), m ∈M .
(2) HomA(M,N)
G = HomA∗G(M,N).
(3) ExtiA(M,N) is a KG-module satisfying g([ξ][ζ ]) = (g[ξ])(g[ζ ]) for
g ∈ G, [ξ] ∈ ExtjA(L,M) and [ζ ] ∈ Ext
i
A(M,N).
Proof. (1), (2): Easy to check.
(3): To each g ∈ G, we associate a functor (−)g : ModA → ModA. For
each X in ModA, Xg is defined as follows: As a K-vector space Xg = X . For
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a ∈ A and x ∈ Xg, a · x := (ga)x. For X, Y in ModA and φ ∈ HomA(X, Y ),
φg := φ. Obviously, the functor (−)g is not only an exact functor but also
an automorphism of ModA with the inverse ()g
−1
.
Since M is an A ∗ G-module, we have an A-module isomorphism ΨgM :
M → Mg, m 7→ gm with the inverse Ψg
−1
Mg : M
g → M (cf. [22, Proposition
2.5]). Note that for ψ ∈ HomA(M,N) we have Ψ
g
Ng
−1ψ
g−1Ψg
−1
M = gψ.
For g ∈ G and [ξ] ∈ ExtiA(M,N), the exact functor (−)
g−1 provides an i-
extension ξg
−1
ofMg
−1
by Ng
−1
. SinceM and N are A∗G-modules, replacing
the epimorphism (resp. monomorphism) in ξg
−1
with the composition of it
and the A-module isomorphism Ψg
Mg
−1 (resp. Ψ
g−1
N ), we obtain an i-extension
gξ of M by N . One can shows that ExtiA(M,N) is a KG-module defined by
g[ξ] := [gξ] and satisfying g([ξ][ζ ]) = (g[ξ])(g[ζ ]) for g ∈ G, [ξ] ∈ ExtjA(L,M)
and [ζ ] ∈ ExtiA(M,N). ✷
Lemma 5 (cf. [25, Corollary 5]) Let A be a K-algebra, G a finite group
acting on A, and ς : 0 → L
φ
→ M
ψ
→ N → 0 an exact sequence of A ∗ G-
modules. Then for any A ∗G-module X two long exact sequences
0 → HomA(X,L)→ HomA(X,M)→ HomA(X,N)
→ Ext1A(X,L)→ Ext
1
A(X,M)→ Ext
1
A(X,N)→ · · ·
0 → HomA(N,X)→ HomA(M,X)→ HomA(L,X)
→ Ext1A(N,X)→ Ext
1
A(M,X)→ Ext
1
A(L,X)→ · · ·
are exact sequences of KG-modules and KG-module maps.
Proof. By Lemma 4 (1) and (3), we know that all terms in the long
exact sequences are KG-modules.
Since φ is an A ∗G-module map, by Lemma 4 (2), we have gφ = φ for all
g ∈ G. For any [ξ] ∈ ExtiA(X,L), using Ψ
g
Mg
−1φ
g−1Ψg
−1
L = gφ, we can show
that gExtiA(X, φ)([ξ]) = Ext
i
A(X, gφ)([gξ]) = Ext
i
A(X, φ)(g[ξ]). It follows
that ExtiA(X, φ) is a KG-module map. Similar for Ext
i
A(X,ψ).
Let δ : ExtiA(X,N) → Ext
i+1
A (X,L) be the connecting map and [ζ ] ∈
ExtiA(X,N). Since ς is an exact sequence of A∗G-modules, we have g[ς] = [ς].
By Lemma 4 (3), we have δ(g[ζ ]) = (g[ζ ])[ς] = (g[ζ ])(g[ς]) = g([ζς]) = gδ([ζ ]).
It follows that δ is a KG-module map.
Hence the first exact sequence is an exact sequence of KG-modules and
KG-module maps. Similar for the second exact sequence. ✷
Lemma 6 (cf. [25, Lemma 6]) Let A be a K-algebra, G a finite group acting
on A with charK ∤ |G| and P a finitely generated A ∗ G-module. Then P is
projective if and only if P is projective as an A-module.
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Proof. If P is projective as an A∗G-module then P is a direct summand
of a free A∗G-module (A∗G)i. So P is a direct summand of a free A-module
(A ∗G)i ∼= A|G|i. Hence P is a projective A-module.
Conversely, if P is a projective A-module then by Lemma 5 the functor
HomA(P,−) : ModA ∗ G → ModKG is exact. Since the functor (−)
G :
ModKG → ModKG is exact, the functor HomA(P,−)
G : ModA ∗ G →
ModKG is also exact. By Lemma 4 (2) the functor HomA∗G(P,−) =
HomA(P,−)
G : ModA ∗G→ ModKG is exact. Thus P is also projective as
an A ∗G-module. ✷
Let M be an A ∗ G-module and W a KG-module. Then M ⊗K W is an
A ∗ G-module defined by (ag)(m ⊗ w) = agm ⊗ gw for a ∈ A, g ∈ G,m ∈
M,w ∈ W .
Lemma 7 (cf. [25, Lemma 8]) Let A be a K-algebra, G a finite group
acting on A, P a finitely generated projective A ∗ G-module, N an A ∗ G-
module and W a KG-module. Then we have a K-vector space isomorphism
θP : HomA(P,N)⊗K W → HomA∗G(P ⊗K KG,N ⊗K W ) defined by θP (φ⊗
w)(p⊗ g) := (gφ)(p)⊗ gw.
Proof. Consider the natural isomorphisms σ : HomA(A,N) ⊗K W →
N ⊗K W,φ ⊗ w 7→ φ(1) ⊗ w and τ : HomA∗G(A ⊗K KG,N ⊗K W ) →
N ⊗K W,ψ 7→ ψ(1 ⊗ 1). We have θA = τ
−1σ. Thus Lemma 7 holds for
P = A. Next we can prove routinely that Lemma 7 holds for all An with
n ≥ 1 and all finitely generated projective A ∗G-module P . ✷
Lemma 8 (cf. [25, Proposition 9]) Let A be a K-algebra, G a finite group
acting on A with charK ∤ |G|, M an A ∗ G-module admitting a finitely
generated A ∗ G-module projective resolution P = (Pi, ψi)i≥0, N an A ∗ G-
module and W a KG-module. Then we have K-vector space isomorphisms
θ¯i : Ext
i
A(M,N)⊗KW → Ext
i
A∗G(M⊗KKG,N⊗KW ) defined by θ¯i(φ¯⊗w) :=
θPi(φ⊗ w), for all i ≥ 0.
Remark 2 Here we view the elements in ExtiA(M,N) as the residue classes
in HomA(Pi, N)/ImHomA(ψi, N) or HomA(Ω
i(M), N)/ImHomA(ιi, N) where
Ωi(M) denotes the i-th syzygy of M and ιi : Ω
i(M) →֒ Pi−1 is the natural
embedding (cf. [21, Chapter III, Theorem 6.4]), because in this situation this
viewpoint is more intuitive.
Proof of Lemma 8. By Lemma 6, P is also a finitely generated A-
module projective resolution of M . Thus P ⊗K KG is an exact sequence
of A ∗ G-modules where the A ∗ G-module structure of Pi ⊗K KG is given
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by (ag)(pi ⊗ h) = agpi ⊗ gh. By Lemma 6 again, P ⊗K KG = (Pi ⊗K
KG,ψi ⊗ 1)i≥0 is a finitely generated A ∗ G-module projective resolution of
M⊗KKG. It follows from Lemma 7 that (θPi)i≥0 is a chain isomorphism from
the complex HomA(P, N)⊗K W to the complex HomA(P⊗K KG,N ⊗K W ).
This chain isomorphism induces isomorphisms θ¯i : Ext
i
A(M,N) ⊗K W →
ExtiA∗G(M ⊗K KG,N ⊗K W ) between the homologies of these complexes
defined by θ¯i(φ¯ ⊗ w) := θPi(φ⊗ w) for all i ≥ 1. The case of i = 0 follows
from Five Lemma. ✷
Theorem 2 (cf. [25, Theorem 10]) Let A be a finite-dimensional K-algebra,
G a finite group acting on A with charK ∤ |G| and M a finitely generated
A∗G-module. ThenM⊗KKG is a quasi-Koszul A∗G-module if and only ifM
is a quasi-Koszul A-module. In particular, the algebra A∗G is quasi-Koszul if
and only if so is A. Moreover, Ext∗A∗G((A∗G)/J(A∗G), (A∗G)/J(A∗G))
∼=
Ext∗A(A/J,A/J) ∗G as positively graded K-algebras.
Proof. Let P = (Pk, ψk)k≥0 be a finitely generated A ∗ G-module pro-
jective resolution of M . First of all, we show that the following diagram is
commutative for all i, j ≥ 0:
(ExtiA(M,A/J)⊗K KG) × (Ext
j
A
(A/J,A/J)⊗K KG)
µ
→ Ext
i+j
A
(M,A/J)⊗K KG
↓ (θ¯i, θ¯j) ↓ θ¯i+j
ExtiA∗G(M ⊗K KG, (A/J) ∗G) × Ext
j
A∗G
((A/J) ∗G, (A/J) ∗G)
ν
→ Ext
i+j
A∗G
(M ⊗K KG, (A/J) ∗G)
where ν is Yoneda product and µ is defined by µ(α¯⊗g, β¯⊗h) := α¯(gβ¯)⊗gh.
Let Q = (Qk, φk)k≥0 be a finitely generated A ∗ G-module projective
resolution of A/J . Let α¯ ∈ ExtiA(M,A/J) and β¯ ∈ Ext
j
A(A/J,A/J) with
α ∈ HomA(Ω
i(M), A/J) or HomA(Pi, A/J) and β ∈ HomA(Ω
j(A/J), A/J)
or HomA(Qj , A/J) (cf. Remark 2). Then α¯β¯ = βΩj(α).
Since P = (Pk, ψk)k≥0 is an A ∗ G-module projective resolution of M ,
P(i) := (Pk+i, ψk+i)k≥0 is an A∗G-module projective resolution of Ω
i(M) for
all i ≥ 0. Furthermore, P(i)⊗KKG is an A∗G-module projective resolution
of Ωi(M) ⊗K KG for all i ≥ 0. Suppose the map α : Ω
i(M)→ A/J induces
a chain map (αj)j≥0 : P(i) → Q. Then (θPj+i(αj ⊗ g))j≥0 : P(i) ⊗K KG →
Q⊗KKG is exactly a chain map induced by the map θPi(α⊗g) : Pi⊗KKG→
(A/J) ⊗K KG. It follows that Ω
j(θPi(α ⊗ g)) = θPj+i(Ω
j(α) ⊗ g). Thus for
x⊗ l ∈ Pj+i ⊗K KG
θQj(β ⊗ h)Ω
j(θPi(α⊗ g))(x⊗ l)
= θQj(β ⊗ h)θPj+i(Ω
j(α)⊗ g))(x⊗ l)
= θQj(β ⊗ h)((lΩ
j(α))(x)⊗ lg)
= (lgβ)((lΩj(α))(x))⊗ lgh
= lgβ((lg)−1l(Ωj(α)(l−1x)))⊗ lgh
= l(gβ(g−1(Ωj(α)(l−1x))))⊗ lgh
= (l((gβ)Ωj(α)))(x)⊗ lgh
= θPj+i((gβ)Ω
j(α)⊗ gh)(x⊗ l),
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i.e., θQj(β ⊗ h)Ω
j(θPi(α⊗ g)) = θPj+i((gβ)Ω
j(α)⊗ gh).
Therefore θ¯i+j((α¯ ⊗ g)(β¯ ⊗ h)) = θ¯i+j(α¯(gβ¯) ⊗ gh) = θ¯i+j((gβ)Ωj(α) ⊗
gh) = θPj+i((gβ)Ω
j(α)⊗ gh) = θQj (β ⊗ h)Ω
j(θPi(α⊗ g)) = θPi(α⊗ g)
θQj (β ⊗ h) = θ¯i(α¯⊗ g)θ¯j(β¯ ⊗ h). So the diagram above is commutative.
If charK ∤ |G| then, by [30, Theorem 1.1], J ∗ G is the Jacobson radical
of A ∗ G. Moreover, (A ∗ G)/(J ∗ G) ∼= (A/J) ∗ G. Thus M ⊗K KG is a
quasi-Koszul A ∗G-module if and only if
Exti+jA∗G(M ⊗K KG, (A/J) ∗G)
= ExtiA∗G(M ⊗K KG, (A/J) ∗G)Ext
j
A∗G((A/J) ∗G, (A/J) ∗G)
for all i, j ≥ 0, if and only if
Exti+jA (M,A/J)⊗K KG
= (ExtiA(M,A/J)⊗K KG)(Ext
j
A(A/J,A/J)⊗K KG)
= (ExtiA(M,A/J)Ext
j
A(A/J,A/J))⊗K KG
for all i, j ≥ 0, if and only if
Exti+jA (M,A/J) = Ext
i
A(M,A/J)Ext
j
A(A/J,A/J)
for all i, j ≥ 0, if and only if M is a quasi-Koszul A-module. In particular,
taking M = A/J we have the algebra A ∗ G is quasi-Koszul if and only if
so is A. Moreover, according to the commutative diagram above, the map
(θ¯i)i≥0 is a positively graded K-algebra isomorphism Ext
∗
A(A/J,A/J) ∗G
∼=
Ext∗A∗G((A ∗G)/J(A ∗G), (A ∗G)/J(A ∗G)). ✷
3 Smash product and quasi-Koszulity
In this section we show in two ways that a finite-dimensional G-graded K-
algebra A is quasi-Koszul if and only if so is the smash product A#G∗,
where G is a finite group satisfying charK ∤ |G|. Moreover, we prove that
the Yoneda algebra Ext∗A#G∗((A#G
∗)/J(A#G∗), (A#G∗)/J(A#G∗)) of the
smash product A#G∗ is isomorphic to the smash product Ext∗A(A/J,A/J)#G
∗
of the Yoneda algebra Ext∗A(A/J,A/J) as positively graded K-algebras.
3.1 Smash product
Let G be a finite group and A =
∐
g∈GAg be a G-gradedK-algebra. A graded
A-moduleM is an A-module, together with a direct sum decompositionM =∐
g∈GMg of K-vector spaces such that AgMh ⊆Mgh for all g, h ∈ G. Denote
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by GrA the category whose objects are all graded A-modules and whose
morphisms φ : M → N are morphisms in ModA such that φ(Mg) ⊂ Ng
for all g ∈ G. The category GrA is not only an abelian category but also
a Grothendieck category (cf. [28, Section 2.2]). Since it is closed under
kernel and has enough projective objects, each object in GrA has a graded
projective resolution.
Let KG∗ be the dual algebra of KG and {pg|g ∈ G} its dual basis, i.e., for
g ∈ G and x =
∑
h∈G ahh ∈ KG one has pg(x) = ag ∈ K and pgph = δghph
where δgh is the Kronecker delta. The smash product, denoted by A#G
∗ (cf.
[11, Section 1] and [5, Section 2]), is the K-vector space A⊗K KG
∗ with the
multiplication given by (a#pg)(b#ph) := abgh−1#ph where a#pg denotes the
element a⊗ pg.
For graded A-modules M and N , we denote by HOMA(M,N) the set
⊕g∈GHomA(M,N)g, where HomA(M,N)g = {f ∈ HomA(M,N)|f(Mh) ⊂
Nhg for all h ∈ G}. We write EXT
i
A(M,N) for the derived functor of
HOMA(M,N). Since G is finite, we have HOMA(M,N) = HomA(M,N) and
EXTiA(M,N) = Ext
i
A(M,N) (cf. [28, Corollary 2.4.6 and Corollary 2.4.7]).
Now that ExtiA(M,N) may be computed from a graded projective resolution
of M , the grading on each HomA(M,N) induces a grading on Ext
i
A(M,N).
Therefore Ext∗A(A/J,A/J)#G
∗ is well-defined.
For any graded A-module M , M ⊗K KG
∗ is a left A#G∗-module defined
by (a ⊗ pg)(m ⊗ ph) = amgh−1 ⊗ ph for all a ∈ A,m ∈ M and g, h ∈ G. If
P is a finitely generated graded projective A-module then P ⊗K KG
∗ is a
finitely generated projective A#G∗-module.
3.2 Quasi-Koszulity of smash product
Lemma 9 Let G be a finite group, A a G-graded K-algebra, P a finitely gen-
erated graded projective A-module and N a graded A-module. Then there is
a K-vector space isomorphism θP : HomA(P,N)⊗KKG
∗ → HomA#G∗(P ⊗K
KG∗, N ⊗K KG
∗) defined by θP (φ ⊗ pg)(xh ⊗ pl) = φ(xh)hlg−1 ⊗ pg for all
xh ∈ Ph and pg, pl ∈ KG
∗.
Proof. Consider the natural isomorphism σ : HomA(A,N) ⊗K KG
∗ →
N ⊗K KG
∗, φ ⊗ pg 7→ φ(1) ⊗ pg and τ : Hom(A ⊗K KG
∗, N ⊗K KG
∗) →
N ⊗K KG
∗, ψ 7→ ψ(1 ⊗ 1). We have θA = τ
−1σ. Thus Lemma 9 holds for
P = A. Next we can prove routinely that Lemma 9 holds for all An with
n ≥ 1 and all finitely generated projective A ∗G-module P . ✷
Lemma 10 Let G be a finite group, A a G-graded K-algebra, M a graded
A-module admitting a finitely generated graded projective resolution P =
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(Pi, ψi)i≥0 and N a graded A-module. Then there is a natural isomorphism
θi : Ext
i
A(M,N) ⊗K KG
∗ → ExtiA#G∗(M ⊗K KG
∗, N ⊗K KG
∗) defined by
θi(φ⊗ pg) := θPi(φ⊗ pg) for each i ≥ 0.
Proof. Note that P⊗K KG
∗ = (Pi ⊗K KG
∗, ψi ⊗ 1)i≥0 is a finitely gen-
erated A#G∗-module projective resolution of M ⊗K KG
∗. It follows from
Lemma 9 that (θPi)i≥0 is a chain isomorphism from the complex HomA(P, N)⊗K
KG∗ to the complex HomA#G∗(P⊗K KG
∗, N ⊗K KG
∗). This chain isomor-
phism induces isomorphisms θi : Ext
i
A(M,N) ⊗K KG
∗ → ExtiA#G∗(M ⊗K
KG∗, N ⊗K KG
∗) between the homologies of these two complexes defined
by θi(φ ⊗ pg) := θPi(φ⊗ pg) for all i ≥ 1. The case i = 0 follows from Five
Lemma. ✷
Theorem 3 Let A be a finite-dimensional G-graded K-algebra, where G is
a finite group satisfying charK ∤ |G|. Let M be a finitely generated graded A-
module. Then M ⊗K KG
∗ is a quasi-Koszul A#G∗-module if and only if M
is a quasi-Koszul A-module. In particular, A#G∗ is quasi-Koszul if and only
if so is A. Moreover, Ext∗A#G∗((A#G
∗)/J(A#G∗), (A#G∗)/J(A#G∗)) ∼=
Ext∗A(A/J,A/J)#G
∗ as positively graded K-algebras.
Proof. Let P = (Pk, ψk)k≥0 be a finitely generated graded projective
resolution of M . First of all, we show that the following diagram is commu-
tative:
(ExtiA(M,A/J)⊗K KG
∗)× (Ext
j
A
(A/J,A/J)⊗K KG
∗)
µ
→ Ext
i+j
A
(M,A/J)⊗K KG
∗
↓ (θ¯i, θ¯j) ↓ θ¯i+j
Exti
A#G∗
(M ⊗K KG
∗, (A/J)#G∗)× Ext
j
A#G∗
((A/J)#G∗, (A/J)#G∗)
ν
→ Ext
i+j
A#G∗
(M ⊗K KG
∗, (A/J)#G∗)
where ν is Yoneda product and µ is defined by µ(α¯⊗pg, β¯⊗ph) := α¯(β¯)gh−1⊗
ph.
Let Q = (Qk, φk)k≥0 be a finitely generated graded projective resolu-
tion of A/J . Let α¯ ∈ ExtiA(M,A/J) and β¯ ∈ Ext
j
A(A/J,A/J) with α ∈
HomA(Ω
i(M), A/J) or Hom(Pi, A/J) and β ∈ HomA(Ω
j(A/J), A/J) or
Hom(Qj, A/J). Then α¯(β¯)gh−1 = βgh−1Ωj(α). Since P = (Pk, ψk)k≥0 is
a graded projective resolution of M , P(i) = (Pk+i, ψk+i)k≥0 is a graded
projective resolution Ωi(M) for all i ≥ 0. Furthermore P(i) ⊗K KG
∗ =
(Pk+i ⊗K KG
∗, ψk+i ⊗ 1)k≥0 is an A#G
∗-module projective resolution of
Ωi(M) ⊗K KG
∗ for all i ≥ 0. Suppose α : Ωi(M) → A/J induces a
chain map (αj)j≥0 : P(i) → Q. Then (θPj+i(αj ⊗ pg))j≥0 : P(i) ⊗K KG
∗ →
Q⊗KKG
∗ is exactly a chain map induced by the map θPi(α⊗pg). Therefore
θPj+i(Ω
j(α)⊗ pg) = Ω
j(θPi(α⊗ pg)).
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For any x ∈ (Pj+i)l and pm ∈ KG
∗, we have
θQj (β ⊗ ph)Ω
j(θPi(α⊗ pg))(x⊗ pm)
= θQj (β ⊗ ph)θPj+i(Ω
j(α)⊗ pg))(x⊗ pm)
= θQj (β ⊗ ph)((Ω
j(α)(x))mlg−1 ⊗ pg)
= β((Ωj(α)(x))mlg−1)mlh−1 ⊗ ph
= (βgh−1Ω
j(α)(x))mlh−1 ⊗ ph
= θPj+i(βgh−1Ω
j(α)⊗ ph)(x⊗ pm),
Thus θ¯i+j((α¯ ⊗ pg)(β¯ ⊗ ph)) = θ¯i+j(α¯(β¯)g−1h ⊗ ph) = θ¯i+j(βgh−1Ωj(α) ⊗
ph) = θPj+i(βgh−1Ω
j(α)⊗ ph) = θQj(β ⊗ ph)Ω
j(θPi(α⊗ pg)) = θPi(α⊗ pg)
θQj (β ⊗ ph) = θ¯i(α¯⊗ pg)θ¯j(β¯ ⊗ ph). So the diagram above is commutative.
Let J and JG be the Jacobson radical and graded Jacobson radical of
A respectively. Since charK ∤ |G|, by [11, Theorem 4.1 and Theorem 4.4],
we have J(A#G∗) = JG#G
∗ = J#G∗. Moreover, (A#G∗)/J(A#G∗) ∼=
(A/J)#G∗.
Therefore M ⊗K KG
∗ is a quasi-Koszul A#G∗-module if and only if
Exti+jA#G∗(M ⊗K KG
∗, (A/J)#G∗)
= ExtiA#G∗(M ⊗K KG
∗, (A/J)#G∗)ExtjA#G∗((A/J)#G
∗, (A/J)#G∗)
for all i, j ≥ 0, if and only if
Exti+jA (M,A/J)⊗K KG
∗
= (ExtiA(M,A/J)⊗K KG
∗)(ExtjA(A/J,A/J)⊗K KG
∗)
= (ExtiA(M,A/J)Ext
j
A(A/J,A/J))⊗K KG
∗
for all i, j ≥ 0, if and only if
Exti+jA (M,A/J) = Ext
i
A(M,A/J)Ext
j
A(A/J,A/J)
for all i, j ≥ 0, if and only if M is a quasi-Koszul A-module. In particular,
taking M = A/J we have the algebra A#G∗ is quasi-Koszul if and only if
so is A. Moreover, according to the commutative diagram above, the map
(θ¯i)i≥0 is a positively graded K-algebra isomorphism Ext
∗
A(A/J,A/J)#G
∗ ∼=
Ext∗A#G∗((A#G
∗)/J(A#G∗), (A#G∗)/J(A#G∗)). ✷
Remark 3 Let A be a finite-dimensional G-graded K-algebra, where G is
a finite group satisfying charK ∤ |G|. We can show in another way that
A is quasi-Koszul if and only if so is A#G∗: It follows from Corollary 1,
Cohen-Montgomery’s duality theorem for coaction (cf. [11, Theorem 3.5])
and Theorem 2 that A is quasi-Koszul if and only if so is Mn(A) = (A#G
∗)∗
G, if and only if so is A#G∗.
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4 Finite Galois covering and Koszulity
In this section, we show that if a finite-dimensional connected quiver algebra
is Koszul then so are its Galois covering algebras with finite Galois group G
satisfying charK ∤ |G|. Indeed, we have two ways to observe the relations
between finite Galois covering and (quasi-)Koszulity: One is via covering
functor and galois extension (cf. Section 4.1), the other is via covering of
quiver with relations (cf. Section 4.2).
4.1 Galois extension, covering functor and Koszulity
Let K be an algebraically closed field. Let A′ be a K-algebra and G a finite
group acting on A′ as a group of K-automorphisms. We say that the pair
(A′, G) is pregalois if A′ is a projective A′∗G-generator (cf. [2, Section 1]). We
say that the pregalois pair (A′, G) is left (resp. right) galois if A′G/annA′GS is
a semisimple artinian K-algebra for each simple left (resp. right) A′-module
S. We say that the pair (A′, G) is galois if it is both left and right galois (cf.
[2, Section 4]). In this case, the K-algebra A′ is called a galois extension of
A := A′G. In case A′ is a finite-dimensional basic K-algebra, (A′, G) is galois
if and only if the induced action of G on the isomorphism classes of simple
A′-modules is free (cf. [2, Proposition 5.3]).
A K-category A is a preadditive category in which the morphism sets
are K-vector spaces and the compositions are K-bilinear. A K-category A
is called a locally bounded K-category if it satisfies: (1) for each object a
in A, EndA(a) is a local ring; (2) for each pair of objects a and b in A,
dimKHomA(a, b) < ∞; (3) distinct objects of A are nonisomorphic; and (4)
for each a in A there are only a finite number of objects b in A such that
HomA(a, b) 6= 0 or HomA(b, a) 6= 0 (cf. [9, Section 2.1]).
If A′ and A are locally bounded K-categories then a K-linear func-
tor F : A′ → A is called a covering functor if: (1) F is surjective on
objects; and (2) for each a′ in A′ and a in A, F induces isomorphisms∐
b′∈F−1(a)HomA′(b
′, a′) → HomA(a, F (a
′)) and
∐
b′∈F−1(a)HomA′(a
′, b′) →
HomA(F (a
′), a) (cf. [9, Section 3.1]).
Let A′ be a finite locally bounded K-category. Assume that G is a finite
group of K-automorphisms of A′ such that the induced action on the objects
is free. Then, by [13, 3.1 Proposition], the quotient category A′/G exists and
the canonical projection A′ → A′/G is a covering functor, which is called a
Galois covering with finite Galois group G.
Let A be a finite-dimensional basic K-algebra. Then A is isomorphic to
KQ/I where Q is a finite quiver and I is an admissible ideal of the path
algebra KQ (cf. [3, Corollary 1.10]). So A can be viewed as a finite locally
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bounded K-category A which is the quotient category of the path category
KQ (cf. [9, Section 2.1]).
Assume that F : A′ → A is a Galois covering with finite Galois group
G, where the finite locally bounded K-category A′ corresponds to a finite-
dimensional basic K-algebra A′ = KQ′/I ′. Then (A′, G) is a galois extension
and A = A′G (cf. [2, Theorem 6.2]). It follows from Theorem 2 that, in the
case of charK ∤ |G|, A′ is quasi-Koszul if and only if so is A′ ∗ G. By
[2, Propositon 1.2], we know the category ModA′ ∗ G is equivalent to the
category ModA′G, i.e., ModA. Applying Theorem 1 we have A′ ∗G is quasi-
Koszul if and only if so is A = A′G. Thus, in the case of charK ∤ |G|, A′ is
quasi-Koszul if and only if so is A.
If both A = KQ/I and A′ = KQ′/I ′ are graded quiver algebras then A
is Koszul if and only if so is A′.
Remark 4 Though we can obtain the relation between Koszulity and finite
Galois covering via galois extension, the underlying field K has to be assumed
to be algebraically closed.
4.2 Covering of quiver with relations and Koszulity
Let K be a field and Q a quiver. From now on we always denote by Q0 (resp.
Q1) the vertex (resp. arrow) set of Q. For a path p in Q, we denote by i(p)
(resp. t(p)) the initial point (resp. terminal) point of p. LetQ′ andQ be quiv-
ers. Let F : Q′ → Q be a covering (in the topological sense) and v′ ∈ Q′0. Let
π1(Q
′, v′) be the fundamental group of Q′ and F∗ : π1(Q
′, v′)→ π1(Q,F (v
′))
be the map induced by F . We say a covering F : Q′ → Q is regular if
F∗(π1(Q
′, v′)) is a normal subgroup of π1(Q,F (v
′)). In this case, Q is home-
omorphic to the quotient space Q′/G where G ∼= π1(Q,F (v
′))/F∗(π1(Q
′, v′))
is the automorphism group of the covering F : Q′ → Q (cf. [26, Chapter 5]).
Some of the following contents are taken from [14] for reader’s conve-
nience. If r =
∑m
i=1 kipi is a K-linear combination of paths in Q and v, w
are vertices in Q, we denote by cv,w(r) the (v, w)-component of r where
cv,w(r) :=
∑n
j=1 kijpij and {pij}
n
j=1 is the subset of {pi}
m
i=1 of all those paths
with initial point v and terminal point w.
A map L : Q0 → Q
′
0 is called a lifting if L(v) ∈ F
−1(v) for all v ∈ Q0. By
uniqueness of path lifting, if p is a path with initial point i(p) and terminal
point t(p) then we denote by L(p) the unique path in Q′ with initial point
L(i(p)) such that F (L(p)) = p. If r =
∑m
i=1 kipi is a K-linear combination
of paths in Q we denote
∑m
i=1 kiL(pi) by L(r).
We say (Q, ρ) is a quiver with relations if Q is a quiver and ρ is a set
of K-linear combinations of paths in Q. Let (Q′, ρ′) and (Q, ρ) be quivers
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with relations. We say F : (Q′, ρ′) → (Q, ρ) is a morphism of quivers with
relations if F : Q′ → Q is a regular covering of quivers satisfying: (1) ρ′ =
{L(r)|L : Q0 → Q
′
0 is a lifting and r ∈ ρ}; (2) if r
′ ∈ ρ′ and v, w ∈ Q0 then
there exist v′, w′ ∈ Q′0 such that F (cv′,w′(r
′)) = cv,w(F (r
′)).
Let A = KQ/〈ρ〉 be a finite-dimensional connected K-algebra where 〈ρ〉
denotes the admissible ideal of KQ generated by ρ. Let F : (Q′, ρ′) →
(Q, ρ) be a morphism of quivers with relations and finite group G its group
of automorphisms. In this case, F is called a Galois covering with finite
Galois group G. It follows from [14, Theorem 3.2]) that there is a weight
function W : Q1 → G such that A may be given the G-grading induced
by W . Moreover, modKQ′/〈ρ′〉 is equivalent to the category grA of finite-
dimensional G-graded A-modules. By [11, Theorem 2.2], we have grA is
isomorphic to modA#G∗. Thus modKQ′/〈ρ′〉 is equivalent to modA#G∗.
It follows from Theorem 1 and Theorem 3 that, in the case of charK ∤ |G|,
KQ′/〈ρ′〉 is quasi-Koszul if and only if so is A#G∗, if and only if so is A.
Clearly, ρ is a set of homogeneous relations in the length grading if and
only if so is ρ′. Thus, if KQ/〈ρ〉 is a graded quiver algebra with ρ a set of
homogeneous relations in the length grading then so is A′ = KQ′/〈ρ′〉. So
we obtain the following theorem:
Theorem 4 Let KQ/〈ρ〉 be a finite-dimensional connected Koszul K-algebra
with ρ a set of quadratic relations. Let F : (Q′, ρ′) → (Q, ρ) be a Galois
covering with finite Galois group G satisfying charK ∤ |G|. Then KQ′/〈ρ′〉
is Koszul.
Remark 5 Of course we also have the “inverse” of Theorem 4 as follows:
Let KQ′/〈ρ′〉 be a finite-dimensional connected Koszul K-algebra with ρ′ a
set of quadratic relations. Let F : (Q′, ρ′) → (Q, ρ) be a Galois covering
with finite Galois group G satisfying charK ∤ |G|. Then KQ/〈ρ〉 is Koszul.
However, it is useless in practice.
5 Construction of Koszul algebras
In this section, we provide a general construction of Koszul algebra by Galois
covering with finite cyclic Galois group. Moreover, as examples, we construct
Koszul algebras from exterior algebras and Koszul preprojective algebras by
finite Galois covering with either cyclic or noncyclic Galois group.
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5.1 General construction
Let A = KQ/〈ρ〉 be a Koszul algebra with ρ a set of quadratic relations.
Then one can construct a finite Galois covering F : (Q′, ρ′) → (Q, ρ) with
Galois group G = Zn, n ≥ 2, satisfying charK ∤ n, in the following way: Let
Q′0 := {(v, r)|v ∈ Q0, r ∈ Zn}, Q
′
1 := {(a, r) : (i(a), r) → (t(a), r + 1)|a ∈
Q1, r ∈ Z} and ρ
′ = {
∑s
i=1 ki(ai2, r + 2)(ai1, r + 1)|
∑s
i=1 kiai2ai1 ∈ ρ, ki ∈
K, aij ∈ Q1, r ∈ Z}. The covering F : (Q
′, ρ′)→ (Q, ρ) is defined by (v, r) 7→
v and (a, r) 7→ a, which is a Galois covering with Galois group Zn. By
Theorem 4, the graded quiver algebras KQ′/〈ρ′〉 are Koszul for all n ≥ 2
with charK ∤ n.
5.2 Constructions from exterior algebras
Exterior algebras is a quite important class of algebras, which plays extremely
important roles in many mathematical branches such as algebraic geometry,
commutative algebra, differential geometry.
Let Q be the quiver given by one vertex 1 and m-loops a1, a2, ..., am with
m ≥ 2. Denote by ρ the set {a2i |1 ≤ i ≤ m} ∪ {aiaj + ajai|1 ≤ i < j ≤ m}.
Then A := KQ/〈ρ〉 is the exterior algebra over K (cf. [27]). It is well-known
that A is a Koszul algebra and its quadratic dual is the algebra K[x1, ..., xm]
of polynomials in m variables x1, ..., xm.
Applying the general construction in Section 5.1, we can obtain many
new Koszul algebras:
Example 1 Define the quiver with relations (Q′, ρ′) by Q′0 := {r|r ∈ Zn},
Q′1 := {(ai, r) : r → r + 1|1 ≤ i ≤ m, r ∈ Z} and ρ
′ = {(ai, r + 1)(ai, r)|1 ≤
i ≤ m, r ∈ Z} ∪ {(ai, r + 1)(aj, r) + (aj, r + 1)(ai, r)|1 ≤ i < j ≤ m, r ∈ Z}.
The covering F : (Q′, ρ′)→ (Q, ρ) is defined by r 7→ 1 and (a, r) 7→ a, which
is a Galois covering with Galois group Zn. By Theorem 4, the graded quiver
algebras KQ′/〈ρ′〉 are Koszul for all n ≥ 2 with charK ∤ n.
We can construct more new Koszul algebras from exterior algebras by
finite Galois covering with cyclic Galois group:
Example 2 For 1 ≤ l ≤ m, define the quiver with relations (Q′, ρ′) by
Q′0 := {r|r ∈ Zn}, Q
′
1 := {(ai, r) : r → r + 1|1 ≤ i ≤ l, r ∈ Z} ∪
{(ai, r) : r + 1 → r|l + 1 ≤ i ≤ m, r ∈ Z} and ρ
′ naturally induced by ρ,
i.e., ρ′ := {(ai, r + 1)(ai, r)|1 ≤ i ≤ l, r ∈ Z} ∪ {(ai, r)(ai, r + 1)|l + 1 ≤
i ≤ m, r ∈ Z} ∪ {(aj, r + 1)(ai, r) + (ai, r + 1)(aj, r)|1 ≤ i < j ≤ l, r ∈
Z} ∪ {(aj , r)(ai, r + 1) + (ai, r)(aj, r + 1)|l + 1 ≤ i < j ≤ m, r ∈ Z} ∪
{(aj , r)(ai, r) + (ai, r − 1)(aj , r − 1)|1 ≤ i ≤ l, l + 1 ≤ j ≤ m, r ∈ Z}. The
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covering F : (Q′, ρ′) → (Q, ρ) is defined by r 7→ 1 and (ai, r) 7→ ai, which
is a Galois covering with Galois group Zn. By Theorem 4, the graded quiver
algebras KQ′/〈ρ′〉 are Koszul for all n ≥ 2 with charK ∤ n.
Remark 6 It is well-known that the exterior algebras can be viewed as Z2-
graded algebras. The graded exterior algebras (called Grassmann algebras as
well [12]) have applications in physics. In the case of n = 2, namely in the
case the Galois group is Z2, by [14, Theorem 3.2], the category modKQ
′/〈ρ′〉
is equivalent to the category grKQ/〈ρ〉 of Z2-graded modules (or superrepre-
sentations) over the graded exterior algebra (or superalgebra) KQ/〈ρ〉. From
this viewpoint, the algebras KQ′/〈ρ′〉 in Example 1 and Example 2 should be
important.
We can also construct new Koszul algebras from exterior algebras by finite
Galois covering with non-cyclic Galois group:
Example 3 Consider the exterior algebra with m = 2. Define the quiver
with relations (Q′, ρ′) by Q′0 := {(1, r)|r ∈ Zn} ∪ {(1
′, r)|r ∈ Zn}, Q
′
1 :=
{(a1, r) : (1, r) → (1
′, r)|r ∈ Z} ∪ {(a′1, r) : (1
′, r) → (1, r)|r ∈ Z} ∪ {(a2, r) :
(1, r) → (1, r + 1)|r ∈ Z} ∪ {(a′2, r) : (1
′, r) → (1′, r + 1)|r ∈ Z} and ρ′
naturally induced by ρ = {a21, a
2
2, a1a2 + a2a1}. The covering F : (Q
′, ρ′) →
(Q, ρ) is defined by (1, r) 7→ 1, (1′, r) 7→ 1, (ai, r) 7→ ai and (a
′
i, r) 7→ ai,
which is a Galois covering with Galois group Z2 × Zn. By Theorem 4, the
graded quiver algebras KQ′/〈ρ′〉 are Koszul for all n ≥ 2 with charK ∤ 2n.
We can also construct new Koszul algebras from exterior algebras by finite
Galois covering with Galois group not the direct product of cyclic groups:
Example 4 Consider the exterior algebra with m = 2. Define the quiver
with relations (Q′, ρ′) by Q′0 := {(1, r)|r ∈ Zn} ∪ {(1
′, r)|r ∈ Zn}, Q
′
1 :=
{(a1, r) : (1, r) → (1
′, r)|r ∈ Z} ∪ {(a′1, r) : (1
′, r) → (1, r)|r ∈ Z} ∪ {(a2, r) :
(1, r) → (1, r + 1)|r ∈ Z} ∪ {(a′2, r) : (1
′, r + 1) → (1′, r)|r ∈ Z} and ρ′
naturally induced by ρ = {a21, a
2
2, a1a2 + a2a1}. The covering F : (Q
′, ρ′) →
(Q, ρ) is defined by (1, r) 7→ 1, (1′, r) 7→ 1, (ai, r) 7→ ai and (a
′
i, r) 7→ ai,
which is a Galois covering with Galois group the dihedral group D2n. By
Theorem 4, the graded quiver algebras KQ′/〈ρ′〉 are Koszul for all n ≥ 2
with charK ∤ 2n.
5.3 Constructions from Preprojective algebras
Preprojective algebras is a very nice class of algebras, which plays important
roles in differential geometry and quantum groups.
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Let Q = (Q0, Q1) be a finite connected quiver without oriented cycle.
Then the double quiver Q is defined by Q0 := Q0 and Q1 := Q1 ∪ {a
∗ :
t(a) → i(a)|a ∈ Q1}. Suppose that I is the ideal of KQ generated by all
elements of the form
∑
a∈Q1
(aa∗− a∗a). Then the algebra P(Q) := KQ/I is
called the preprojective algebras of the quiver Q (cf. [32]).
Note that P(Q) is Koszul if and only if Q is either A1,A2 or is not a
Dynkin diagram [23, Theorem 1.9]. In the case of Q = A1, P(A1) = K. In
the case of Q = A2, the algebra P(A2) is radical square zero, so is its finite
Galois covering algebras. Thus we cannot construct new Koszul algebras from
P(A1) and P(A2) using our approach. Since P(Q) is finite-dimensional if and
only if Q is a Dynkin quiver, our approach cannot be applied to preprojective
algebras directly. However, we can construct many new Koszul algebras from
the quadratic dual of preprojective algebras, which are finite-dimensional.
Let K be an algebraically closed field. It follows from [23, Theorem 1.9]
that, in case Q is a tree but not a Dynkin diagram, the quadratic dual of
P(Q) is just the trivial extension D(Q) of the path algebra KQ˜, where Q˜ is
of the same underlying graph as Q and each vertex is either a source or a
sink. By [23, Theorem 1.8], D(Q) ∼= KQˆ/Iˆ where Qˆ is defined by Qˆ0 := Q0
and Qˆ1 := Q1 and the ideal Iˆ is generated by the set ρˆ which consists of the
following relations: (1) a∗a− b∗b, if i(a) = i(b) is a source in Qˆ; (2) aa∗− bb∗,
if t(a) = t(b) is a sink in Qˆ; (3) b∗a, if t(a) = t(b) and a 6= b; (4) ab∗, if
i(a) = i(b) and a 6= b.
On one hand, applying the general construction in Section 5.1 toKQˆ/〈ρˆ〉,
we can construct many new Koszul algebras. On the other hand, we can also
construct more new Koszul algebras in the following way:
Example 5 Define the quiver with relations (Q′, ρ′) by Q′0 := {(v, r)|v ∈
Q0, r ∈ Zn}, Q
′
1 := {(a, r) : (i(a), r) → (t(a), r)|a ∈ Q1, r ∈ Zn} ∪ {(a
∗, r) :
(i(a∗), r) → (t(a∗), r + 1)|a ∈ Q1, r ∈ Z} and ρ
′ naturally induced by ρˆ.
The covering F : (Q′, ρ′) → (Qˆ, ρˆ) defined by (v, r) 7→ v, (a, r) 7→ a and
(a∗, r) 7→ a∗, is a Galois covering with Galois group Zn. By Theorem 4, the
graded quiver algebras KQ′/〈ρ′〉 are Koszul for all n ≥ 2 with charK ∤ n.
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